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1. INTRODUCTION
The smoothing Tnf of a locally-integrable function f: IRn-.1R is defined by
(Tnf)(x)=2-
n J f(y)dy, where Q=[_I,I]n.
x+Q
The problem of unsmoothing over cubes consists in the following:
i) Characterize the kernel and the range of Tn;
ii) Find a right inverse R * of Tn such that for smooth g, R *(g) is optimally
smooth;
iii) Analyse Tn on various subspaces of L 1oc(lR
n).
Our approach to the unsmoothing problem is elementary, no Fourier analysis
is used. Because the case n=1 is treated in the same way in [4], we only sketch
the proofs. We consider only n = 2, but of course our method works for all n.
(The case n = 1 and many other unsmoothing problems are considered by
F. John [2]).
2. GENERAL PROPERTIES OF Tz
DEFINITION 2.1
A function g: 1R2-'1R is called locally absolutely continuous, if g may be
• Contribution to the research project Reconstruction, Ko 506/8-1, of the German Research
Council (DFG), directed by Professor D. Kolzow, Erlangen.
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written in the jorm
x y x y
g(x, y) = J Jh(s, t)dtds + J k(s)ds + J I(t)dt + c
o 0 0 0
where he L 1oc(1R
2), k e L 1oc(IR), Ie L 1oc(IR), and c e IR.
We shall denote by AC1oc(1R
2) the space of all locally-absolutely continuous
functions on 1R2• The following lemma is important for our approach.
LEMMA 2.2
Let j,geL 1oc(1R
2). Then T2!=g ifj the jollowing holds:
i) geAC1oc(1R
2)
ii) 4 ?J2
g
(x,y)=j(x+l,y+l)-j(x-l,y+l)-j(x+l,y-l)+j(x-l,y-l) a.e.
?Jx?Jy
?J 1 1
iii) 4 -..!. (x, 0) = J j(x+ l,t)dt- J j(x-l,t)dt a.e.
?Jx -I -1
?J 1 1
iv) 4-..!.(0,y)= J j(s,y+l)ds- J j(s,y-l)dsa.e.
?Jy -1 -I
v) g(O, 0) = (T2j)(0, 0).
(Line ii) needs some explanation: By ?J2g/?Jx?Jy = h a.e. we mean more exactly
that there is a junction d such that ?Jg/?Jx (x, y) = d(x, y) a.e. jor each jixed y
and ?Jd/?Jy (x,y)=h(x,y) a.e. with respect to two-dimensional measure.)
PROOF. Let jeL1oc (1R
2). We define
1
c: =t J
-1
1
J j(s, t)dtds,
-1
1 1
k(x):=H J j(x+l,t)dt- J j(x-l,t)dt)a.e.,
-1 -I
1 1
1(y):=H J j(s,y+l)ds- J j(s,y-l)ds)a.e.,and
-1 -1
h(x, y): =t(f(x+ 1, y+ 1)-j(x+ l,y-l)- j(x-l, y+ 1)+
+j(x-l, y-l» a.e.
Further we define g by:
x y x y
g(x, y) = J Jh(s, t)dtds + J k(s)ds + J I(t)dt +c.
o 0 0 0
We have ce IR, keL1oc(IR), Ie L 1oc(lR) and h eL1oc(1R
2) and hence geAC1oc(1R
2
).
An easy calculation shows that g(x, y) = T2!(x, y) for all (x, y) e 1R2• By the
fundamental theorem of calculus we get for g = T2j:
?Jg Y
a) ?Jx (x, y) = ! h(x, t)dt + k(x) a.e. for each y;
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og x
b) - (x, y) = J h(s, y)ds + /(y) a.e. for each x;oy 0
o y
c) - ( Jh(x,t)dt+k(x»(x,y)=h(x,y) a.e.oy 0
with respect to two-dimensional measure (since h(x, . ) E L1oc(IR) for almost all
x E IR). Hence for g = T2f the statements i)-iv) hold. Also g is uniquely deter-
mined by these properties.
From this, we can prove injectivity results such as:
COROLLARY 2.3
T2 is injective on Lp (1R
2) for 1sp< 00.
PROPOSITION 2.4
Let gEAC1oc (1R
2) such that g(x,y)=O ifxSC or ysc, where CEIR. Then
there is a unique fEL 1oc (1R
2) such that Td=g and f(x,y)=O ifxsc+ 1 or
y s C+ I. Further, f is given by
02 00 00
f(x,y)=4 - I I g(x-2n-l,y-2m-l) (a.e.).oxoy n=O m=O
PROOF. The uniqueness off(a.e.) follows from lemma 2.2. Thus, it is enough
to check the equation Td=g for the proposedf. Of course, similar statements
and reconstruction formulas hold, if g(x, y) = 0 for all XS C or y ~ C and so
on. Now we represent gEAC1oc(1R
2) as a sum g=gl+g2+g3+g4, where
gjEAC1oc (1R
2) and gl(X,y)=O if XSCI or yscl' g2(X,y) =0 if XSC2 or y~c2
and so on. Further, we can choose gjE Ck(1R 2) if gE Ck(1R2) (kE IN, k~2). By
this consideration and 2.4, the following is proved:
PROPOSITION 2.5
T2(L 1oc (1R
2» =AC1oc (1R 2).
Moreover, there exists a right inverse R * of T2 such that R *(C
k(1R 2»~
~ Ck - 2(1R2) for k~2.
3. SMOOTHING FOR L1-FUNCTIONS
We already know that T2 is injective on L 1(1R
2). Now we want to charac-
terize T2(L)(1R
2». We begin with the simpler class L com(lR
2
) = {IE L)(lR2)/fhas
compact support}.
PROPOSITION 3.1
T2(Lcom(1R2» = {gEAC1oc(1R2)/g has compact support, I mEz g(x,y+2m)=
=H)(x), and InEz g(x+2n,y)=H2(y)}·
PROOF. Let fEL com (1R
2). Then Td=gEAC1oc (1R
2
) with compact support.
Moreover, I mEZ g(x,y+2m)=t e~: JIR f(s,t)dtds does not depend on y and,
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similarly, Lna g(x+ 2n, y) does not depend on x. Conversely, let g eAC1oc(1R2)
with these properties. Then, by proposition 2.4, there is a unique fl e ACloc (1R
2)
with T2fl=g andfl(x,Y)=O if x::;;c+l or y::;;c+l (for some celR) andfl is
given by the formula of 2.4. The analogs of 2.4 yield 12, f3, and f4 with
T2f; = g and f2 (x, y) = 0 if x::;; c + 1 or y ~ c + I and so on. The respective re-
construction formulas show that fl =f2 =f3 =f4 which proves our statement.
PROPOSITION 3.2
2 2 i:'Jg i:'Jg i:'J2g 2
T2(L I (1R »= {geAC1oc(1R )/g, i:'Jx' i:'Jy' i:'Jxi:'Jy eL 1(1R );
i:'J2
L L -- g(x-2n,y-2m) converges in Lfw
k=O max (n.m)=k i:'Jxi:'Jy
(that is, outside x>c, y>c for each c) and the sum is in L 1(1R
2)} and the
inverse is given by
i:'J2 '" '"(T2g)(X,y)=4~ L L g(x-2n-l,y-2m-l).
vXVY n=O m=O
PROOF. Easy calculations using 2.2 show that for f eLI (1R2) the function
g = T2f has the stated properties and the given reconstruction formula holds.
Conversely, if g e A C1oc(1R
2) has those properties, define f eLI (1R2) by
i:'J2 '" '"
f(x,y)=4 - L L g(x-2n-l,y-2m-l).
i:'Jxi:'Jy n=O m=O
Then T2f= g which proves the statement.
REMARK 3.3
It is easy to see that T2-
1 : T2(L I(1R2»-+L I(1R2) is not continuous when both
spaces have LI-topology. In other words, the unsmoothing problem is ill-
posed for these topologies. For the numerical treatment of such problems one
has to apply regularization techniques (see (1». By means of proposition 3.2
one can prove continuity and well-posedness results for T2 restricted on
various subspaces of L 1(1R
2).
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